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We investigate the nonlinear wave signature of a translating and oscillating
disturbance under the influence of ambient waves in a two-layer fluid. The main
interests are the generation and features of the far-field waves due to nonlinear
wave resonances. We show, using perturbation theory, that free waves on the surface
and/or interface can be produced by triad-resonant interactions, a mechanism not
obtained in a homogeneous fluid. These occur among the radiated waves due to
the disturbance motion (disturbance waves); and between the disturbance waves
and free ocean waves (ambient waves). Such resonance-generated waves can appear
upstream or downstream, and may propagate away from or towards the disturbance.
In realistic situations where ambient waves and disturbance oscillations contain
multiple frequencies, numerous resonant and near-resonant interactions at second and
higher orders may occur, making the theoretical analysis of the problem intractable.
For this purpose, we develop a direct simulation capability using a high-order spectral
method, which provides independent validation of the theoretical predictions. Our
investigations show that, under specific but realistic conditions, resonance interactions
may lead to significant far-field short waves that are more amenable to remote sensing.
If the characteristics of the disturbance are known, we illustrate how nonlinear wave
resonances provide a mechanism for more precise estimation of ocean stratification
properties using surface wave measurements. Finally we show that when a moving
disturbance oscillates at multiple frequencies, ensuing multiple resonances may lead
to energy spreading across a broader spectrum, resulting in the loss of information
about the body motion.

Key words: interfacial flows (free surface), surface gravity waves

1. Introduction
We address the problem of nonlinear interactions among surface and interfacial

waves of a translating and oscillatory disturbance with and without the participation
of an ambient wave in a two-layer (density stratified) fluid. The focus is on the
understanding of the mechanism and characteristics of wave generation via second-
order resonant-wave interactions in a multi-layer fluid. The study is motivated by
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the potential use of surface measurements for determination and identification of the
traces of ships or submarines in strong two-layer waters such as littoral zones of
warm seas and oceans.

There are numerous studies on the wave signatures associated with moving object
in a homogeneous fluid. When a body travels (steadily) forward in calm water, a
so-called Kelvin wave pattern behind the body is known to be formed (e.g. Debnath
1994). The effect of nonlinearities on the wave pattern has also been investigated
(Newman 1971; Akylas 1987). When ambient waves are present, the body inevitably
undergoes oscillations. In addition to the steady Kelvin waves associated with the
steady forward motion, distinctive unsteady waves are radiated by the oscillatory
motion. Depending on the frequency of the body oscillation and the forward speed
of the body, the radiated waves may appear far upstream and/or downstream of
the body. There exist limited studies on the effect of nonlinearities on the unsteady
wave pattern. Among these, it is known that resonant interactions among the steady
and unsteady waves (generated by the body motion) cannot occur (D′yachenko &
Zakharov 1994). When the interaction with the ambient waves is considered, a third-
order resonant quartet can be formed between the steady Kelvin waves and the
unsteady ambient wave, leading to the generation of a new propagating wave along
a specific ray in the Kelvin wake (Zhu, Liu & Yue 2008).

Many open seas, oceans and lakes are, however, stratified. In addition to surface
waves, internal waves also exist in a density-stratified fluid (see e.g. Garrett & Munk
1979; Kunze et al. 2002). In many shallow seas and oceans, the fluid densities
above and below the thermocline are nearly constant. Therefore, the thermocline can
be approximated by a plane of a sudden density change that admits propagating
waves. This is called a two-layer approximation of density stratified fluids. The waves
propagating over the plane of the sudden density change are called as interfacial
waves. In a two-layer fluid, the number of propagating waves generated by a two-
dimensional translating and oscillating disturbance doubles compared to that in a
homogeneous fluid (Alam, Liu & Yue 2009a). When nonlinear wave interactions are
considered, the interfacial waves must also be accounted for. As a result, unlike in a
homogeneous fluid, a triad-resonant interaction between surface and interfacial waves
is known to occur in a two-layer fluid (Ball 1964; Wen 1995; Hill & Foda 1996). It
remains of interest to know whether the resonant interactions among the ship waves
themselves or between the ship waves and ambient waves can occur in a two-layer
stratified fluid. This is the objective of this work.

In this study, by analysing the basic characteristics of the waves in the wake of
a two-dimensional translating and oscillating (ship) disturbance in a two-layer fluid,
we show that under certain specific (yet realistic) conditions a pair of disturbance
waves can form a triad resonance to generate a new free wave that normally travels
away from the disturbance. In addition, a similar triad resonance can occur between
the distance wave and an ambient wave (that has the same frequency as the disturb-
ance oscillation). The resonance-generated wave can travel towards the disturbance.
These nonlinear resonant interactions can produce distinctive wave patterns in the
wake of the moving disturbance, which may have significant implications in the inverse
problem of detecting the presence of the submerged objects (Wren & May 1997) or
estimating the ocean physical properties by the surface measurements (Avital & Miloh
1994, 1999).

We first present the mathematic formation of the general nonlinear problem
and outline the basic characteristics of the linear wave system generated by a
translating and oscillating disturbance in a two-layer fluid (§ 2). When the second-order
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nonlinearity is taken into account, triad-resonant wave–wave interaction can occur
under the certain resonance condition (§ 3.1). Two classes of triad resonances exist with
and without the participation of the ambient wave in the interactions. To understand
the basic characteristics of the triad resonance, the amplitude evolution equations for
interacting waves are derived via a multiple scale analysis, from which some distinctive
features for the resonance-generated wave under various conditions can be deduced
(§§ 3.2 and 3.3). Realistic ocean waves, however, are often composed of multiple wave
components with different frequencies. As a result, a number of resonant and near-
resonant interactions may happen simultaneously. To address the practical situations,
an effective direct simulation capability is developed based on the extension of a
high-order spectral (HOS) method to a two-layer fluid with the presence of an
oscillating and translating disturbance (§ 4). The numerical simulations are validated
by comparisons with the perturbation theory prediction in relatively simple cases
(§ 5.1). The simulations are then used to elucidate the distinctive characteristics of the
surface and interface associated with the triad-resonant wave–wave interactions, which
can be used, via surface measurements, in the characterization of underwater objects
(§ 5.2) and in the inverse problem for the estimate of fluid stratification properties
(§ 5.3). To understand the effect of the resonant-wave interactions in realistic ocean
environment, we consider an illustrative example in which the disturbance oscillates
with three different frequencies. Multiple-resonant and near-resonant interactions
among the disturbance waves occur. As a result, a wide-spreading wave spectrum in
the wake of the disturbance is obtained (§ 5.4). The conclusions are drawn in § 6.

2. Problem formulation
We consider the problem of nonlinear wave generation by a two-dimensional

oscillating and travelling disturbance in a two-layer fluid. The upper and lower
fluid layers have respectively mean depths hu and h�, and fluid densities ρu and ρ�

(subscripts u and � hereafter denote quantities associated with the upper and lower
fluid layers, respectively). A Cartesian coordinate system (x, z) is defined with the x-
axis on the mean free surface and the z-axis positive upward. The two-layer fluid rests
on a flat horizontal bottom z = −hu − h�. Without loss of generality, the disturbance
is modelled as a point source that is initially located at x = x0 and travels in the upper
layer at a fixed depth z = z0 with a forward velocity u =Uî, where î is the unit vector in
the positive x-direction and U is the magnitude of the velocity. A plane ambient wave
with frequency ωa and wavenumber ka is assumed to be present on the ocean surface
and propagate in the x-direction. In response to the action of the ambient wave, the
disturbance normally oscillates at the encounter frequency ω0 = ωa − Uka . To model
the oscillation of the disturbance, for simplicity, we let the point source to have an
oscillatory strength m cosω0t while keeping its depth constant. Throughout this paper,
we assume that the ambient wave exists on the surface and the disturbance oscillates
with a given (constant) amplitude at the encounter frequency of the ambient wave.

We assume that the fluids in both layers are homogeneous, incompressible,
immiscible and inviscid so that the fluid motion in each layer is irrotational. The
effect of surface tension is neglected. The flow in each layer is described by a velocity
potential, φu(x, z, t) and φ�(x, z, t). The nonlinear governing equations are

∇2φu = m δ(x − x0 − Ut, z − z0) cosω0t −hu + ηi < z < ηs (2.1a)

∇2φ� = 0 −hu − h� < z < −hu + ηi (2.1b)

ηs,t + ηs,xφu,x − φu,z = 0 z = ηs (2.1c)
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φu,t + 1
2

(
φ2

u,x + φ2
u,z

)
+ gηs = 0 z = ηs (2.1d)

ηi,t + ηi,xφu,x − φu,z = 0 z = −hu + ηi (2.1e)

ηi,t + ηi,xφ�,x − φ�,z = 0 z = −hu + ηi (2.1f)

ρu

[
φu,t + 1

2
(φ2

u,x + φ2
u,z) + gηi

]
−ρ�

[
φ�,t + 1

2

(
φ2

�,x + φ2
�,z

)
+ gηi

]
= 0 z = −hu + ηi (2.1g)

φ�,z = 0 z = −hu − hi, (2.1h)

where ηs(x, t) and ηi(x, t) are the elevations of the free surface and the interface
respectively, g is the gravity acceleration and δ is the Dirac delta function. Equations
(2.1a) and (2.1b) are the continuity equations. Equations (2.1c) and (2.1d) are
respectively the kinematic and dynamic boundary conditions on the free surface, which
are identical to those in a homogenous fluid. Equations (2.1e) and (2.1f) represent
the kinematic boundary condition on the interface, ensuring the immiscibility of the
two-layer fluid. Equation (2.1g) is the dynamic boundary condition on the interface,
which guarantees the continuity of the pressure on the interface. Equation (2.1h) is
the classical kinematic condition on the stationary impermeable bottom. If the source
is located in the lower layer, the right-hand sides of (2.1a) and (2.1b) need to be
exchanged, but the rest of the discussion in this section remains the same.

For a (linear) freely propagating wave with frequency ω and wavenumber k in a
two-layer fluid (in a space-fixed coordinate system), the dispersion relation is well
known (Lamb 1932):

D(ω, k) ≡ ω4(R + coth khu coth kh�) − ω2gk(coth khu + coth kh�) + g2k2(1 − R) = 0,

(2.2)

where R ≡ ρu/ρ� is the density ratio. For a given k > 0, in general, (2.2) has four
roots: ±ωs(k), ± ωi(k), with ωs > ωi > 0 (Ball 1964), where ±ωs and ±ωi denote the
frequencies of the surface-mode and interfacial-mode waves respectively (Alam, Liu &
Yue 2009b).

If we consider the linearized form of (2.1), only a finite number of propagating
waves can exist in the far field of the disturbance (Alam et al. 2009a). The wavenumber
and frequency of each such wave must satisfy the dispersion relation (2.2). In a frame
of reference moving with the disturbance, the wavenumbers (kn) of these waves are
given by the real solutions of (2.2) with ω replaced by ±ω0 + Ukn (see e.g. Faltinsen
1993), that is,

D(±ω0 + Ukn, kn) = 0. (2.3)

For a specified ω0, there are always four real solutions for kn corresponding to
the case with the plus sign in (2.3). For the case with the minus sign in (2.3), the
number of real solutions for kn however reduces from 4 to 2 and then to 0 as U

increases (starting from 0). As a result, (2.3) may have a total of Nw = 8, 6 or 4 real
(kn) solutions for a given ω0, depending on the density ratio R, the dimensionless
frequency τ ≡ Uω0/g, the depth ratio h ≡ hu/H , where H = hu + h�, and the Froude
number F ≡ U 2/(gH ). For Nw =8, half of them are surface-mode waves (n= 1, 2, 3
and 4) and the other half are interfacial-mode waves (n= 5, 6, 7 and 8). With Cg,n

denoting the group velocity of the wave with wavenumber kn (in the space-fixed
coordinate system), we number these waves with the property: Cg,2 >U , Cg,4 < 0;
Cg,6 > U , Cg,8 < 0; 0 <Cg,3 <Cg,1 < U and 0 <Cg,7 <Cg,5 <U (see also Alam et al.
2009a). Clearly, waves k2 and k6 propagate ahead, while waves k1, k3, k4, k5, k7 and
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k8 propagate behind the disturbance. We note that when Nw = 6, we have all four
surface waves but only two interfacial waves (n= 7 and 8). When Nw = 4, we have
two surface waves (n= 3 and 4) and two interfacial waves (n= 7 and 8).

3. Triad resonant interactions
3.1. Resonance condition

Based on the linear analysis, Nw far-field waves of a two-dimensional (2D) oscillating
and translating disturbance propagate indefinitely without any change in their
amplitudes. We show here that if nonlinearity is taken into account a pair of these
waves can resonate to generate a new free wave via a triad wave–wave resonance
mechanism. This obtains under specific but realizable conditions. The phenomenon
is important because the generation of new free waves leads to changes in the wave
signature and spectrum on both the surface and interface (e.g. § 5.4), which are not
obtained in the context of linear theory nor if stratification is overlooked.

If two waves, say with the wavenumber and frequency (k′, ω′) and (k′′, ω′′)
respectively, satisfy the condition D(ωr, kr ) = 0, where kr = k′ ± k′′ and ωr =ω′ ± ω′′,
then waves k′, k′′ and kr are in resonance and energy can flow from waves (k′, k′′) into
the resonant wave (kr ). Although triad resonances of gravity waves are known to be
degenerate in a homogeneous fluid (D′yachenko & Zakharov 1994), in a two-layer
fluid Ball (1964) showed that two counter-propagating surface waves can resonate
an interfacial wave. Later Wen (1995) further showed that two counter-propagating
interfacial waves can form a triad resonance with a free-surface wave. To determine if
the resonance condition is satisfied between Nw disturbance waves, for given ocean and
disturbance parameters h, R, τ and F, the resonance condition needs to be examined
for all pairs of waves that both exist on the same (upstream or downstream) side
of the disturbance. (Note that since the disturbance waves propagate away from the
disturbance, an upstream disturbance wave cannot interact with a downstream wave.)

In practice, the oscillation of the disturbance can be forced artificially or obtained
in response to the action of ambient ocean waves. In this paper, we always assume
that the ambient wave exists on the surface and the disturbance oscillation frequency
is equal to the encounter frequency of the ambient wave. The ambient wave, however,
may or may not directly participate in the resonant interaction. To understand all
possible scenarios of such resonances, we consider an ambient wave with wavenumber
ka and frequency ωa . The oscillation frequency of the disturbance ω0 is related to
ωa by the relation ω0 = ωa ± Uka , where ± corresponds to the head (UCg,a < 0) and
following sea (UCg,a > 0) condition respectively. The wavenumber ka is identical to
the wavenumber of any one of Nw far-field waves of the disturbance. For example,
and without loss of generality, if we let ka = k2 then the wave k2 is seen on both sides
of the disturbance. For clarity, we classify all resonance cases as class I, in which
the ambient wave does not participate in the resonance, and class II, in which the
ambient wave participates in the resonance. Note that in class I, resonance is formed
merely between the disturbance waves. Therefore, it appears even if the disturbance
is artificially forced to oscillate without the presence of an ambient wave.

Under the deep-layer assumption (knhu, knh� � 1, n= 1, . . . , 8), simple closed-form
solutions for the wavenumbers of the interacting waves that can form a resonant triad
for given F, h, τ and R can be obtained. However, as is expected, in this case the
resonance is weak and has a little practical relevance. In a finite-depth water, the
solutions have to be sought numerically from the general resonance condition for a
wide range of parameters F, h, τ and R. Table 1 lists all resonance cases as τ varies
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Case no. τ m n ωr/ω0 I/S

a1 0.0522 1 −3 2.0111 I
a2 0.0699 1 −7 11.902 S
a3 0.0894 2 8 0.58833 I
a4 0.0900 1 7 11.111 S
a5 0.1235 3 −7 8.0973 S
a6 0.1236 4 −8 0.42525 I
a7 0.1302 2 −8 1.6469 S
a8 0.1516 2 4 0.34708 I
a9 0.1843 2 −7 0.62626 I
a10 0.1873 3 7 6.8890 S
a11 0.2493 1 −2 0.21225 I
a12 0.2499 1 −7 1.4647 S
a13 0.6557 4 7 0.36258 I
a14 1.233 4 −7 0.81130 S
a15 3.337 4 −8 0.29975 S
a16 4.738 7 −8 0.21108 S
a17 9.004 3 4 0.11108 I

Case no. τ m n ωr/ω0 I/S

b1 0.2747 4 7 0.32059 I
b2 1.234 4 −7 0.72906 S
b3 2.821 4 −8 0.3189 S
b4 3.886 7 −8 0.23132 S
b5 9.004 3 4 0.11108 I

Case no. τ m n ωr/ω0 I/S

c1 9.075 3 4 0.11054 I

Table 1. Cases of triad resonance in a finite-depth two-layer fluid for R = 0.9, h = 0.33,
and F = 0.005 (left table, case numbers ak); F = 0.60 (right top table, case numbers bk);
F =2 (right bottom table, case numbers ck). At each given τ , waves km and kn form a triad
resonance that generates an interfacial or surface-mode wave (denoted by I/S) with frequency
ωr (normalized by ω0).

for fixed R and h with three different F values. The numbered symbols ak, bk and ck

denote the resonance cases associated with F = 0.005, 0.6 and 2 respectively. Each
case corresponds to a specific τ under which the resonance condition is satisfied by
the two waves with wavenumbers km and ±kn, and a third wave with wavenumber
kr ≡ km ± kn and frequency ωr (normalized by ω0) that is generated by the resonance.
From the dispersion relation satisfied by kr and ωr , we can determine whether the
resonant wave is a surface or interfacial wave (I/S). For example, case a11 states that
at τ = 0.2493 (F = 0.005, h = 0.33 and R = 0.9), waves k1 and k2 can have a resonant
interaction to generate a free interfacial wave (I ) with kr = k1 −k2 and ωr/ω0 = 0.2123.

Clearly, as F increases the number of resonance cases decreases. This is due to the
fact that as F increases the number of disturbance waves (Nw) decreases. Note that
in table 1, cases a3, a7, a8, a9 and a11 are class I resonance, and the rest are class II
resonance. In the following, we study the properties of classes I and II resonances in
more details.

3.2. Class I resonance

In class I triad resonance, two disturbance waves interact resonantly to generate a free
wave. In principle, this class of resonant triads can be formed ahead of the disturbance
such as (k2, k6 and kr ) (no such a case is seen for the parameters considered in table 1)
and/or behind the disturbance like (kn, km, kr ), m, n ∈ {1, 3, 4, 5, 7, 8}, m �= n (all except
a3, a7, a8, a9 and a11 in table 1 belong to this group). Let the relative group speed
of the resonant wave (in the coordinate system moving with the disturbance) to be
C(d)

g,r = −U + Cg,r , where Cg,r is the group speed of the resonant wave in the space

fixed coordinate system. It can be easily shown that C(d)
g,r > 0 (or < 0) for class I triads

formed at upstream (or downstream) of the disturbance. This indicates that all the
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waves generated by class I resonances propagate away from the disturbance whether
they are located at upstream or downstream.

In a resonance triad, the interacting waves exchange their energy with each other.
The evolution equations governing the amplitudes of these waves can be derived
by a standard multiple-scale analysis (cf. Craik 1988) or equivalently by an energy
argument. Away from the near field of the disturbance and in the moving coordinate
system, the system of evolution equations takes the form

∂A1

∂t
+ C

(d)
g,1

∂A1

∂x
= β1A2Ar,

∂A2

∂t
+ C

(d)
g,2

∂A2

∂x
= β2A1Ar,

∂Ar

∂t
+ C(d)

g,r

∂Ar

∂x
= βrA1A2,

(3.1)

where A1 and A2 are the (complex) amplitudes of the two disturbance waves and Ar

is the (complex) amplitude of the resonance-generated wave. In the above equations,
coefficients β1, β2 and βr are the constants and functions of the physical parameters of
the problem. These coefficients are algebraically lengthy and are given, e.g. by Alam
(2008). Neglecting the near-field waves, we set the initial and boundary conditions as

A1(x, 0) = 0, A1(0, t) = A10, A2(x, 0) = 0, A2(0, t) = A20, Ar (x, 0) = 0, (3.2)

where A10 and A20 are the far-field amplitudes of the two disturbance waves
participating in the resonance (Alam et al. 2009a). Equation (3.1) has a steady-
state solution that can be expressed in a closed form in terms of Jacobian elliptic
functions (Ball 1964). In this solution, all wave amplitudes oscillate slowly with the
distance from the disturbance. Near the disturbance where the resonance first starts,
the amplitude of the resonant wave grows linearly with the interaction distance |x(d)|:

Ar (x) =
βr |x(d)|
C

(d)
g,r

. (3.3)

Clearly, Ar becomes unbounded if C(d)
g,r → 0. This is similar to the linear solution of

the unsteady disturbance oscillation problem near the critical speed. In this situation,
higher order nonlinearities are important and need to be taken into account (see for
example Dagan & Miloh 1982; Akylas 1984; Liu & Yue 1993, for the treatment of
near critical speeds in homogeneous fluids).

3.3. Class II resonance

In class II triad resonance, the ambient wave participates in the interaction. This class
of resonances can be further categorized into two groups.

3.3.1. Group a. Resonant wave moves away from the disturbance

In this group, except for the participation of the ambient wave (ka) in the resonance,
the behaviour of the resonant wave is similar to that in class I in the sense that it
travels away from the disturbance. This group of triad resonances can be formed
in upstream by waves (ka, kn, kr ), where n= 2 and 6 and ka = kp , p = 1, 3, 4, 5, 7 and
8 (i.e. in a head sea), with C(d)

g,r > 0 (no such a case is shown in table 1), or in
downstream by waves (ka, km, kr ), where m =1, 3, 4, 5, 7 and 8 and ka = kq , q = 2 and
6 (i.e. in a following sea), with C(d)

g,r < 0 (cases a3, a7, a8, a9 and a11 in table 1). The
variation of the amplitudes of the interacting waves behaves similarly to that in
class I resonance.
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3.3.2. Group b. Resonant wave moves toward the disturbance

In this group, as in group a, the ambient wave (ka) participates in the
resonance. However, the resonance-generated wave ahead/behind the disturbance
moves backward/forward (i.e. towards) the disturbance and eventually encounters the
disturbance. This group of second-order resonant triads can be formed at upstream
by waves (ka, kn, kr ), where n= 2 and 6 and ka = kp , p = 1, 3, 4, 5, 7 and 8 (i.e. in
a head sea), with C(d)

g,r < 0 (cases a3, a7, a8, a9 and a11 in table 1). They can also be
formed at downstream by waves (ka, km, kr ), where m =1, 3, 4, 5, 7 and 8 and ka = kq ,
q = 2 and 6 (i.e. in a following sea), with C(d)

g,r > 0 (no such a case in table 1). This
is an important case since the resonant wave, upon passing over the disturbance,
can force the disturbance to oscillate at the frequency ωr , different than ω0. Due to
this oscillation, the disturbance generates a new group of waves that make the wake
pattern more complex, and new resonances may emerge.

The evolution of the amplitudes of the interacting waves in group-b resonances is
much more complicated than in group-a resonances. Since the resonance-generated
wave travels towards the disturbance from the far field, evolution of the resonant-
wave envelope does not reach a steady state. Furthermore, after the resonant wave
passes over the disturbance, this group of resonance continues to the other side of the
disturbance where the disturbance wave component in the triad can be generated by
the resonance. (Note that this component of the disturbance wave does not exist on
this side of the disturbance in the steady linear solution.) The generated wave again
moves towards the disturbance. It can pass over the disturbance to the other side and
participate in the (original) resonance there. To find the evolution of the interacting
waves in this type of resonances, the initial boundary-value problem (2.1) needs to be
fully solved.

As an example, we consider case a3 of table 1, where the resonance triad is formed
by waves (ka = k8, k2, kr ). From analysing the dispersion relation it can be shown that
the oscillation of the disturbance, which moves in the positive x-axis in the head sea
with ka = k8 (C(d)

g,8 < 0), generates six free waves including k2 (C(d)
g,2 > 0). Waves k2 and k8

interact resonantly ahead of the disturbance to generate a (new) wave kr that has a
negative relative group speed (C(d)

g,r < 0). Wave kr moves toward the disturbance and
acts as a new head-sea ambient wave. A part of the energy of this resonant wave
is used to excite the oscillation of the disturbance and the rest keeps moving along
the −x axis. Since the ambient waves ka = k8 already exist at x(d) < 0, once wave kr

passes over the disturbance, they continue the resonant interaction to generate wave
k2 (previously only exists at x(d) > 0) at x(d) < 0. The generated wave k2 moves towards
the disturbance as C

(d)
g,2 > 0. The cascade of such multiple-resonant interactions, in

principle, goes on indefinitely at both sides of the disturbance.
We note that group-b resonance, with the resonant wave moving towards the

disturbance, may also occur without the participation of the ambient wave (i.e.
in class I resonance), but can occur only for very strong stratifications that may
not be obtained in the real ocean. As an example, we can show under deep layer
assumptions that for R = 0.5 and τ = 0.122, the resonant interaction between waves
k1 and k7 behind the disturbance generates a wave with a positive group velocity
larger than U .

4. Direct numerical simulation
In practice, a broadband spectrum of waves exists on the surface and interface of

a two-layer ocean. As a result, the disturbance oscillates with multiple frequencies.
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A number of triad-resonant or near-resonant interactions may occur simultaneously,
making the evolution of the surface/interface waves analytically intractable. We
emphasize that although exact resonance conditions are selective, countless near
resonances are possible and play an important role in nonlinear wavefield evolution
(see e.g. Hammack & Henderson 1993; Staquet & Sommeria 2002; Alam et al. 2009b).

Here we present a direct simulation scheme, based on the pseudospectral method,
which includes the presence of a moving and oscillating disturbance and the effect
of surface/interface nonlinearities. The algorithm is an extension of a HOS method
that is originally developed for nonlinear gravity waves in a homogeneous fluid
and later extended to a two-layer fluid (Dommermuth & Yue 1987; Alam et al.
2009a ,b). We here further extend this method for nonlinear wave–wave interactions
in the presence of an oscillating and translating disturbance (or body). The developed
algorithm preserves the key characteristics of the original HOS method. In particular,
it follows the evolution of a large number of surface and interface wave modes (with
N = O(103 ∼ 4) per dimension) and accounts for their interactions up to an arbitrary
high order (with M up to O(10) in practice). For moderately steep surface and
interface waves, it obtains an exponential convergence of the solution with respect to
both N and M . The required numerical effort is approximately linear with N and M .
Extensive convergence tests of the algorithm for a two-layer fluid can be found in
Alam (2008).

For completeness, the key formulation of the extended algorithm is outlined here.
We define φu ≡ ϕu + φ̃u and φ� ≡ ϕ� + φ̃�, where φ̃u,� represents the simple effects of
free stream and Rankine point source and ϕu,� is the wave perturbation. Following
Zakharov (1968), we define the surface potential ϕS

u for the upper layer and the
interface potentials ϕS

u/� for both upper and lower layers by

ϕS
u (x, t) ≡ ϕu(x, ηs(x, t), t) and ϕI

u/�(x, t) ≡ ϕu/�(x, −hu + ηi(x, t), t). (4.1)

In the neighbourhood of the interface, for convenience, we define a new potential
ψ(x, z, t) ≡ ϕ�(x, z, t)−Rϕu(x, z, t). We further define ψI to be the value of ψ evaluated
on the interface. In terms of these quantities, we can rewrite the kinematic and dynamic
boundary conditions on the surface ((2.1c) and (2.1d)) and interface ((2.1e) and (2.1g))
in the forms

ηs,t + ηs,xϕ
S
u,x −

(
1 + η2

s,x

)
ϕu,z = φ̃u,z − ηs,xφ̃u,x, z = ηs, (4.2)

ϕS
u,t + gηs + 1/2ϕS

u,x

2 − 1/2
(
1 + η2

s,x

)
ϕ2

u,z

= −φ̃u,xϕ
S
u,x − 1/2

(
φ̃2

u,x + φ̃2
u,z

)
− φ̃u,t , z = ηs, (4.3)

ηi,t + ηi,xϕ
I
u,x −

(
1 + η2

s,i

)
ϕu,z = φ̃u,z − ηi,xφ̃u,x, z = −hu + ηi, (4.4)

ψI
,t + gηi(1 − R) + 1/2

[
ϕI

�,x

2 − RϕI
u,x

2] − 1/2
(
1 + η2

i,x

)(
ϕ2

�,z − Rϕ2
u,z

)
= −

(
φ̃�,xϕ

I
�,x − Rφ̃u,xϕ

I
u,x

)
− 1/2

[(
φ̃2

�,x + φ̃2
�,z

)
− R

(
φ̃2

u,x + φ̃2
u,z

)]
−

(
φ̃�,t − Rφ̃u,t

)
, z = −hu + ηi. (4.5)

In the time simulation of nonlinear two-layer fluid motion with the HOS approach,
(4.2)–(4.5) are used as the evolution equations for ηs , ϕS

u , ηi and ψI provided that the
vertical surface velocity, ϕu,z(x, ηs, t), and the vertical interface velocities, ϕu,z(x, −hu+
ηi, t) and ϕ�,z(x, −hu + ηi, t), are obtained from the boundary-value solution with a
desired order M (Alam et al. 2009b). In the present problem with the oscillating
source located in the upper layer, we have φ̃u = Ux + m0/2π(ln r1 + ln r2) sin ω0t and
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Figure 1. Water-fall plot of time evolution of the interfacial waves, in the moving frame
of reference, due to an oscillating and translating disturbance in a two-layer fluid. Physical
parameters are R = 0.9, τ =0.2, F = 0.004, h = 0.005, z0/hu = 0.5, and the dimensionless source
strength m/(ω0H

2) = 5.1e−6. Numerical parameters are N = 4096, Nt = 64, M = 3, and L = 32λ4.
Only a portion of the computational domain is shown (T0 = 2π/ω0).

φ̃� = Ux, where

r2
1 = sin2

(
x − x0

2L/π

)
+ sinh2

(
z − z0

2L/π

)
, r2

2 = sin2

(
x − x0

2L/π

)
+ sinh2

(
z + 2hu + z0

2L/π

)
,

(4.6)

with L being the length of the (periodic) computational domain. Similar expressions
can be derived for the source located in the lower layer. For the numerical results
presented, parameters such as nonlinearity order M , number of spectral modes N and
time step Nt = T/�t , where T is the period of the shortest wave in the wavefield, are
specified. For the numerical results we present later, typically N = O(103) and M = 3
or 4, which are sufficient for the study of second-order triad-resonant wave–wave
interactions of interest.

Figure 1 shows a sample result of the time evolution of the waves on the interface
generated by an oscillating and translating disturbance (τ = 0.2, F = 0.004) in a
two-layer fluid (R = 0.9, h = 0.005). The disturbance, initially located at x = 0 and
z0 = 0.5hu, starts to oscillate and translate in the positive x-direction at t = 0. For
these parameters, a total of six propagating waves are expected to exist in the far
field of the disturbance at large time. Since they have different group velocities,
they separate from each other initially, which can be seen in figure 1. The fastest
downstream-heading wave is k4 (with longest wavelength, Cg,4 < 0) and its interface
image (note that k4 is a surface wave) is clearly seen on the right front side. Then
wave k8 (Cg,8 < 0) is seen which is slower than wave k4 and appears downstream
of the disturbance (still on the right-hand side of the disturbance at x = 0). Other
downstream waves in the plot are interfacial wave k7 (0 <Cg,7 < U ), and interface
image of surface waves k1 (0 < Cg,1 <U ) and k3 (0 < Cg,3 <U ). Note that waves k7, k1

and k3 are superimposed and occupy the region between −10 < k0x < 0 in figure 1 and
are hardly distinguishable graphically. In front of the disturbance (on the left-hand
side of the disturbance at x = 0), only wave k2 (U < Cg,2) appears and what is seen
in the graph is the interface image of this wave. Surface waves follow a similar trend
and thus are not shown here.
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The numerical approach above is general for any value of R. For numerical
illustration in this paper, we have generally fixed R = 0.9 which is lower than R
values in typical ocean environments (R � 96). In addition to accentuating some
specific features for illustration, results for lower R value may also be more relevant
to comparisons with laboratory experiments (e.g. R = 0.85 in Melville & Helfrich
1987 and R ∼ 0.5 in Veletsos & Shivakumar 1993). In select cases, we present results
with different values of R (close to 1) (e.g. R = 0.95 and R = 0.975 in figure 4) to
highlight quantitative differences among qualitatively similar results.

The ranges of other variables involved (τ, F and h) are nevertheless quite broad.
Dimensionless depth h can vary from near zero (deep ocean) to close to unity (e.g.
MacDonald & Hollister 1973). The Froude number F can vary from zero (for slow
speed or deep water) to unity and beyond particularly in shallower water (Alam &
Mei 2008). For instance, in 10 m deep water, a speed of U ∼ 10 m s−1 corresponds
to F ∼ 1. The dimensionless frequency τ can go, theoretically, from zero (for slow
translation) to very high values. For example, for a typical deep ocean wave of T = 8 s,
and current speed U ∼ 10 m s−1, τ ∼ 1.4.

5. Results and discussion
5.1. Resonance involving one oscillating frequency

We first consider the relatively simple cases involving one oscillation frequency for
the disturbance. For class I resonance, as discussed in § 3.1, the amplitude envelopes
of the interacting waves can reach a steady state in the disturbance frame of reference
after some time, with the amplitude of the resonance-generated wave given by a
closed-form solution (3.3). We use this solution to cross-validate the direct simulation
and the analysis.

Figure 2(a) shows the spatial growth of the resonant wave, after reaching a steady
state, due to class I resonance obtained by the direct simulation. For this example, we
use R = 0.90 and h =0.005 for the two-layer fluid (corresponding to a relatively deep
lower layer compared with the upper layer), and τ =0.4171 and F =0.004 for the
disturbance. With these parameters, we have a class I resonance formed by waves k4

and k7 and a resonant wave kr = k4 + k7. For comparison, the analytic solution (3.3)
for the growth of the resonant wave is also shown. It is seen that the direct simulation
result compares very well with the analytic solution for the envelop of the amplitude
of the resonant wave.

In terms of physical variables, the case in figure 2(a) corresponds to, for example,
a disturbance moving with a speed of 17.3 knots while oscillating with a period of
13.5 s in a two-layer stratified sea of total depth 2 km with a thermocline located
at 10 m below the sea surface. Waves k4, k7 and kr are respectively the surface
wave of λ4 ≈ 500 m (T4 ≈ 18 s), interfacial wave of λ7 ≈ 90 m (T7 ≈ 40 s) and resonant
interfacial wave of λr ≈ 76 m (Tr ≈ 34 s). If the source strength is such that the k4

wave has amplitude A4 = 0.5 m on the surface, and A7 = 1 m on the interface, the
amplitude of the resonant interfacial wave (kr ) grows up to Ar ≈ 0.25 m after a
resonant interaction length of ∼6λ4, as seen in figure 2(a). The amplitude of the
resonant wave is a quadratic function of the disturbance strength, and it quadruples
if the disturbance strength doubles. Note that the frequencies of the interfacial waves
in this example are much higher than the peak buoyancy frequency of an ocean
thermocline and those of typical internal waves observed in the ocean (Munk 1980;
Gargett & Holloway 1984). The high-frequency internal waves like these however
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Figure 2. (a) Amplitude growth (after reaching a steady state) of the resonance-generated
interfacial wave as a result of class I resonant interaction with waves k4 and k7 of a disturbance.
Plotted are the direct simulation solution (——) and the perturbation solution (- - -) by (3.3).
Physical parameters are τ = 0.4171, F = 0.004, R = 0.90 and h = 0.005; numerical parameters
are N = 4096, Nt = 64, M = 3 and L = 80λ4. (b) Time evolution of the amplitude of the resonant
wave generated by group-b class II resonant interactions of the ambient head wave k8 and
disturbance wave k2. Curves plotted correspond respectively to t/T0 = 2.5, 12.5, 22.5, 32.5, 42.5,
52.5 and 62.5. Physical parameters are τ = 0.075, R = 0.9, F = 0.004 and h = 0.12; numerical
parameters are N = 4096, Nt = 64, M = 3 and L = 68 λ2.

have been reported in lakes and coastal waters (Garrett & Munk 1975; Boegman
et al. 2003).

For class II resonance, group-a resonance behaves similarly to that of class I
resonance. Unlike group-a resonance, group-b resonance envelopes do not reach
steady state as we show in § 3.3.2. Our direct numerical simulation confirms this
distinctive feature of group-b (class II) resonance. Figure 2(b) shows the time evolution
of the amplitude of the resonant wave associated with group-b resonance. For this
numerical example, the ambient head-sea wave with ka = k8 and the disturbance
wave k2 generate a resonant free-wave ahead of the disturbance in the group-b
resonance. Since the group speed of the resonant wave Cg,r is less than the speed
of the disturbance U , this wave moves backward toward the disturbance (in the
disturbance-fixed frame of reference) and eventually passes over it. As time grows,
wave k2 marches forward and the length of the resonant interaction between k2 and
k8 waves increases. Thus, as the result in figure 2(b) shows, the amplitude of the
resonant wave near the disturbance increases with time. Since a cascade of such
resonant interactions continues indefinitely both fore and aft of the disturbance, a
steady state is not reached.

5.2. Generation of short waves by class II triad resonances

Class II-a resonance among the radiated and ambient waves can result in the
generation of short wavelength resonant waves in the far-field upstream and/or
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Figure 3. Nonlinear ambient wave amplitude spectrum (- - -, �) and the total wavefield
amplitude spectrum (——, ∗) behind the body including both ambient waves and disturbance
waves. Numerical parameters are N = 2048, Nt = 64, M = 3 and L ≈ 80 λ8.

downstream of the disturbance. This occurs for two interacting waves of wavenumbers
k′ and k′′ forming a resonant triad with a wave of kr = k′ + k′′.

Consider a scenario in which a moving disturbance responds to narrowband ambient
waves in a range of motion frequencies within this band. In this case, short far-field
resonant waves are generated as a result of triad interactions among the components
of the radiated and ambient waves. For numerical illustration, we consider a case
with R = 0.9 and h = 0.33. We assume that the ambient wavefield contains wave
components k1,2,3,4H = 0.44, 0.47, 0.50 and 0.53 and amplitudes a1,2,3,4/H = 0.007,
0.013, 0.013 and 0.007. We assume a moving disturbance in the lower fluid layer with
F = 0.032 and z0/H = 0.66 whose response to the ambient waves contains frequencies
corresponding to k3 and k4, i.e. τ3,4 = 0.073 and 0.069 for the given F. Figure 3 plots
the amplitudes of the downstream waves over the wavenumber spectrum obtained
using nonlinear direct computations for disturbance strengths m3 = m4 = 0.06ω0H

2. As
expected, the linear wake contains wave components at the range of 0.3 <k0H < 0.6.
Specifically, ambient wave spectrum has a primary (linear) peak at kH = 0.51 and
a smaller (second harmonic) peak near kH = 1.02. Due to disturbance-generated
(linear) waves, another apparent peak appears at kH = 0.36 which belongs to wave
k4 of the disturbance. Other disturbance waves of interest are k2H = 0.53, which is at
the same place as the primary peak of the ambient wave spectrum and k8H = 1.26 of
an interfacial wave.

Of particular interest is that the nonlinear wake in the presence of disturbance
is significantly different in the shortwave part of the spectrum (k0H ≈ 0.73) where a
significant peak is now formed due to triad-resonance interaction between ambient
waves and disturbance waves. Specifically, ambient surface wave k2 and interfacial
wave k8 form a triad resonance with a resonant wave krH = 0.73 to create short
waves near krH ≈ 0.73. In the application, if a peak is observed around krH = 0.73
by the above analysis (of surface wave data), we can deduce the presence of a
object translating with F = 0.032. This feature of triad resonance might be useful for
interpreting remote sensing of short waves in the wake.
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5.3. Estimate of stratification properties from wave measurements

As illustrated above, class I and class II resonances occur at selective combinations
of physical parameters resulting in distinctive wave signatures on the surface and
interface. This provides the possibility of solving the inverse problem (see e.g. Avital &
Miloh 1999) wherein ocean stratification properties or current speed can be estimated
based on measurements of surface and/or interface resonant waves.

As an illustration, we consider a scenario in which we use the measurement of a
class I resonant surface wave to estimate the fluid density ratio R. For this purpose, we
assume a moving disturbance capable of oscillating in a range of frequencies (by, say,
appropriate tuning of mass or buoyancy properties in the presence of multi-chromatic
ambient waves). For specificity, we assume that the amplitude of kq ≡ k4 − k8 wave in
the wake behind the disturbance is measured. Note that k4 and k8 are the only two
disturbance waves that have negative group velocity with respect to the translation
direction of the disturbance, and hence they can easily be identified. For given τ ,
F and h, in theory, the second-order resonant interaction between k4 and k8 waves
occurs at a specific value of R. Thus, the determination of the critical τ value at
which kq wave becomes resonant gives a unique estimate of R.

Figure 4 shows a numerical example for which h = 0.33 and F = 0.6 are assumed
to be known. The disturbance goes through a range of frequencies in its oscillating
motion corresponding to 2 <τ < 4. For each oscillating frequency, the amplitude of
wave kq is measured, which is shown in figure 4(a). It is seen that the amplitude
reaches an extremum at a specific frequency τpeak , corresponding to class I resonance.
From the resonance condition, R can be determined from τpeak given h and F,
as illustrated in figure 4(b). Because of the nature of class I triad resonance, the
amplitude of the resonant wave drops sharply around τpeak (figure 4a) so that the
estimation of R (given h and F) is much more precise relative to, say, those based on
measurements of linear wavefield. In figure 4(a), we present the results corresponding
to R = 0.9, 0.95 and 0.975. The results with different values of R show a similar
qualitative behaviour with slightly higher resonant-wave amplitude and lower τpeak

for weaker stratification.
Variations to this scheme, for example, estimating h given R and F, or F given R

and h, obtain in a similar way.
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5.4. Multiple resonances and their interactions

If a moving body responds at multiple frequencies to broadband ambient waves,
multiple-resonant (and near-resonant) interactions among the ambient waves and the
disturbance waves may occur at second (discussed so far) and higher orders. The
interesting question is whether we can characterize the far-field wake wave spectrum
resulting from (cascades of) such multiple resonances.

The nonlinear numerical method we develop is capable of accounting for these
interactions up to an arbitrary high order. As a final illustration, we consider this
scenario for a special case, say, with F = 0.032, z0/H = 0.1, R = 0.9 and h = 0.2. For
definiteness, we assume that the disturbance oscillates at three distinct frequencies
corresponding to τ (1,2,3) = 0.24, 0.49 and 0.58. For these parameters, two second-order
triad resonances occur initially leading to new resonant waves with wavenumbers
kr1H = k

(1)
7 H − k

(2)
4 H = 4.9 and kr2H = k

(2)
8 H − k

(3)
8 H = −1.6, where k

(i)
j denotes the

j th wave associated with disturbance oscillation at frequency τi . In this case, kr1

and kr2 refer to surface-mode waves with encounter frequencies ωen
r1/ω0 = 1.042 and

ωen
r1/ω0 = −0.847. These resonant waves will further participate in a number of near-

resonance interactions with other wake waves. The introduction of the ambient wave
components introduces additional (near) resonances (and resulting complexities),
which, for simplicity, we exclude in the numerical simulation.

Figure 5 compares the far-field wave amplitudes over a broad range of ω behind the
disturbance for the disturbance in a homogeneous fluid (R = 1) and a two-layer fluid
(R = 0.9). The spectra are computed at two locations with x1/H = 16 (figure 5a, c)
and x2/H = 37 (figure 5b, d ) from the disturbance. In terms of physical parameters
and in a sea of the total depth of H = 100 m and the thermocline depth of hu = 20 m,
this case corresponds to a disturbance with the periods of oscillation of T (1,2,3) = 15,
7.3 and 6 s, and amplitudes are calculated at the physical distances of 1.6 and 3.7 km
behind the disturbance

Referring to figure 5, due to nonlinear resonant interactions energy transfers among
interacting wave modes as they propagate downstream. In the presence of multiple-
resonant and near-resonant interactions, the energy transfer among various interacting
wave modes is enhanced, leading to a broadband spectrum, as shown in figure 5(d ).
As the interaction length increases, the amplitude spectrum is seen to spread over a
band of frequencies wherein the peak associated with the dominant linear encounter
frequency (ωen = 5.48) cannot be distinguished from the background resonant and
free waves.

6. Concluding remarks
The problem of resonant (nonlinear) wave generation in the wake of an oscillating

and translating disturbance in a two-layer fluid is considered. It is shown that
disturbance wake waves, upon nonlinear interaction among themselves and/or with
ambient waves that caused the motion, may generate resonant-free waves at the
second order as part of a triad of wave components. The resonant wave can form in
the upstream or downstream of the disturbance and may propagate towards or away
from the disturbance. Evolution of the resonant wave is studied analytically using
perturbation theory.

For the more general case of multiple ambient and radiated wave components
that may be resonantly interacting, an HOS method is developed that can take into
account a large number of wave components and arbitrary high order of nonlinear
interactions. As an illustration of the effect of multiple resonances, it is shown that
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Figure 5. Amplitude spectrum of surface waves behind the disturbance in a homogeneous
fluid of R = 1.0 (a, b) and a two-layer stratified fluid of R = 0.9 (c, d ). Plotted are the amplitude
spectrum of wave elevations respectively at x1/H = 16 (a, c) and x2/H =37 (b, d ) behind
the disturbance. Parameters are F =0.032, h = 4 and the disturbance oscillates with three
frequencies: τ (1) = 0.24, τ (2) = 0.49 and τ (3) = 0.58.

nonlinear interaction between a narrowband ambient wave and the radiated waves
from a moving and oscillating disturbance can result in an isolated high-frequency
peak in the downstream spectrum, which may facilitate its quantification by remote
sensing. We also show that the sensitivity of resonance offers a useful scheme for
precise estimation of ocean physical properties such as density stratification.

When the disturbance undergoes an oscillation with multiple frequencies, our
numerical simulations show that the resultant cascades of multiple-resonant
interactions lead to the spread of wave energy in the far-field wake into a broad
frequency band. This phenomenon is not obtained in a homogeneous fluid or in the
absence of nonlinear resonance.

We note that the similar resonant phenomenon should also be obtained in
three dimensions, but with more complex features. Unlike in two dimensions, the
wavenumber of the disturbance waves is now a function of the angle of the ray
(relative to forward direction), and furthermore their amplitudes must now necessarily
decay with distance from the disturbance. Resonant interactions are expected to occur
along specific rays angles determined by three-dimensional resonance conditions, and
new resonant waves are generated in the neighbourhood of these resonance rays
as a consequence (see, e.g. Zhu et al. 2008, for this problem in the homogeneous
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fluid case). Generalization of this work to three dimensions could therefore be of
theoretical and practical interest.

We are not aware of direct field or laboratory observations of the effects we describe.
We believe that the present study could provide a predictive framework to evaluate
the possibility of such measurements.
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