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ABSTRACT

Rogue waves or freak waves are very large amplitude waves
compare to the ambient waves in a given sea state. There are
very few recording of such waves and therefore, despite years of
research, very little is known about their properties. Here we in-
voke a statistical approach to find out about the typical shape of
these giant waves. We consider different sea states and unidirec-
tional vs crossing seas and study how each environment affects
the morphology of oceanic rogue waves.

INTRODUCTION

Oceanic rogue waves, whose heights unexpectedly exceed
the typical height of the background sea state, reported to have
caused serious damages to the offshore structures and ships over
the past decades. Mallory [1] analysed 12 extreme wave events
in the south of Africa where the giant waves are enhanced by
the Agulhas current with some caused considerable damages to
vessels. Several other accidents are summarized by Toffoli et
al. [2], Faulkner [3], Ersdal [4] and Pelinovsky & Kharif [5]. Al-
though the reported observations of rogue waves are traced back
to long time ago, the first actual measurement of the rogue was
obtained on Jan. 1% 1995 [6, 7], which is usually known as the
New Year Wave or the Draupner Wave. The New Year Wave was
measured near the Draupner platform during a relatively heavy
winter storm and has been studied in details theoretically [8, 9],
numerically [10] and experimentally [11, 12]. Another famous
measured rogue wave is the one recorded in the Black Sea [13],
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which has a height 3.9 times as high as the background signifi-
cant wave height. Besides the rogue waves that are measured by
a floating buoy, the employment of the synthetic aperture radar
(SAR) has opened a new door of possibilities for detecting rogue
waves over large spatial and time domains [2, 14]. Although in-
tensive studies have been carried out on the rogue wave, the sta-
tistical properties and actual shape of the rogue waves are still
unclear mainly due to scarcity of a large database of the field
measured rogue waves [15].

It is of great interests to know what an actual rogue wave
looks like. The physical mechanisms behind the extreme waves
have been intensively studies, however, remains not fully under-
stood and identified [16,17]. By comparing the rogue waves from
numerical simulations with the measured rogue waves in field
or experiments, we can identify the suitability of the theoreti-
cal model and the numerical method to obtain rogue waves and
potentially find out the physical mechanism behind the extreme
waves [16, 18-20]. For example, by comparing the experimen-
tal waves generated using the Ma breather solution with the field
measured New Year Wave, Clauss [21] revealed the suitability
of using the Ma breather solutions to reproduce the rogue wave
dynamics. It is also shown that the mechanism of modulational
instability can also leads to extraodinary large waves in interme-
diate depth. Moreover, Faulkner [22] extensively assessed the
loss of Derbyshire and suggests to revise the design code to con-
sider the extreme waves. A correct knowledge of the rogue wave
profile is potentially beneficial to the design of offshore struc-
tures and ships that would be located in the path of such waves.
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The study of the identical wavelength and wave height of the
rogue wave in a given sea state can have important implication
in revising the design code to the offshore structures [23,24].

The study on the rogue wave profile can be based on the
few field measured rogue waves [9-11,25-27], theoretical and
numerical solution to (modified) nonlinear Schrodinger equation
(NLSE) [9, 10, 10,28, 29], or the numerical simulation that solve
the fully nonlinear wave evolution equations [24, 30-33]. Most
of the research on the rogue wave profile in the past is focused
on the profile in time domain rather than that in spatial doman.
Chabchoub [28] designed experiments in observing the time evo-
lution of rogue waves governed by NLSE and compare the ex-
perimental results with the Peregrine solution. Taylor [26] de-
tailed studied the time series of the New Year Wave and the back-
ground sea states, then use the 5t order New Wave, which is a
model used in the offshore engineering, to reproduce the New
Year Wave. Guedes Soares & Pascoal [27] assessed the suitabil-
ity of using the New Wave to describe the rogue wave profile
by comparing the field measured rogue wave data in the North
Sea with the numerical results in time domain. In the mean time,
only a few work has been conducted to study the properties of the
rogue wave profile in spatial domain. This is mainly contributed
by the fact that nearly all the hard evidences on rogue waves
come from oil-platform measurements [17], which are fixed in
space and hence record the time series of waves. On the other
hand, it is also of significance to study the spatial characteristics
of rogue waves. Xiao [33] used the proper orthogonal decompo-
sition (POD) on the numerically generated rogue waves to obtain
the identical rogue wave profile in space and find that the aver-
aged rogue wave has a symmetric shape with respective to the
peak. However, many of the field measured rogue waves do not
have symmetric spatial profile respective to their peak. Although
the New Year Wave shows symmetric shape in time domain [8],
Clauss & Klein [12] showed that the New Year Wave is not sym-
metric in space by reproducing this rogue wave in the wave tank.
Moreover, the rogue waves in the Gulf of Tehuantepec , recon-
structed using the airborne spatio-temporal measurements, are
also not always symmetric in space [34]. The numerical study by
Gibson [32] also shows that the rogue wave obtained using the
fully nonlinear simulation is not as symmetric in space as that
obtained using the linear or weakly nonlinear model. All these
observations lead to the significance of this paper to identify the
more realistic rogue wave profile in space and time considering
varying sea states.

It is known that the occurrence and probability of extreme
waves do depend on the background wave fields, such as the sea
severity, but the dependence of the rogue wave profile on the sea
states needs to be identified. The World Meteorological Organi-
zation (WMO) sea state code classifies the sea state from 1 to 10
with increasing significant wave height H; and peak period T},.
It has been shown that the oceanic rogue waves are more likely
to occur [35] with a larger height [36] as the sea state becomes

rougher. In this paper, the rogue wave profile in different sea
states will be identified.

Another important feature of the sea state is the travelling
angle of the wave trains. The crossing sea state develops usu-
ally when the wind changes its direction and two or more wave
trains are propagating at an oblique angle. Many of the accidents
caused by rogue waves are reported in crossing sea states [37,38].
It is also suggested by Donelan and Magnussion [39] that cross-
ing seas might lead to exceptionally high crests. Toffoli [40]
stressed the modulation instability in crossing seas as a poten-
tial mechanism for the formation of rogue waves. To investigate
the effect of the crossing sea state on the rogue wave profile, in
the two dimensional framework, both unidirectional and crossing
seas with two wave trains propagating in the opposite direction
are considered in this paper.

Considering all the features of the sea states stated, we con-
ducted large numerical experiments and obtain a large database
with rogue waves for each given initial sea state characterized
with the the Joint North Sea Wave Observation Project (JON-
SWAP) spectrum. The JONSWAP spectrum is proposed by Has-
selmann [41] based on the measured data in the North Sea and
has been widely used as the initial spectrum for the simulation
of rogue waves [35,42—44]. Then we study the statistical proper-
ties of the rogue wave profiles with the stress on the asymmetric
shape in spatial domain and more symmetric shape in time do-
main of the rogue wave with respective to its peak.

PROBLEM FORMULATION

The surface wave dynamics, under the assumption of in-
viscid, irrotational, incompressible and homogeneous fluid, can
be described by the potential flow theory. Here we solve the
two-dimensional weakly nonlinear wave evolution equations in
the Zakharov form [45] (see equation (1)), which can be solved
through a phase resolved high-order spectral (HOS) method.
Note that the governing equations are constructed in the Carte-
sian coordinate system located at the mean free surface with x as
the horizontal axis and z as the vertical axis. The free surface ele-
vation is denoted as 7. The field velocity u(x, z,) is expressed in
terms of the velocity potential ¢ (x,z,¢) with the relation V¢ = u.
In terms of the velocity potential evaluated at the free surface
¢*(x,t) = ¢(x,z =n,1), the governing equations read

nt:¢f(1+77x2)—¢xsnx atz=mn(x,1) (la)
¢ =—gn—1/2(03)> = 1/2¢7(1+n;7) atz=n(x,r) (Ib)

The phase resolved HOS method can take into account a
large number of wave modes (typically N ~ ¢/(1000)) and high
order of nonlinearity in wave steepness (M ~ ¢(10)). The result
converges exponentially fast with N and M up to wave steepness
ka ~ 0.35 [46]. The ability of the HOS method in taking into
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account the high nonlinearity is crucial in analysing the proper-
ties of rogue waves since the rogue wave is known for its un-
usual large amplitude and thus high nonlinearity. Higher Order
Spectral method was first formulated in 1987 ( [46,47]) to model
nonlinear wave-wave interactions in deep water. It was then ex-
tended to the problems of wave-topography interactions in fi-
nite depth [48-50] and two-layer density stratified fluids [51-55]
as well as wave viscoelastic-seabed interactions [56, 57]. The
scheme has already undergone extensive convergence tests as
well as validations against experimental and other numerical re-
sults [56,58-60].

In order to identify the statistical properties of the rogue
wave profile, we conduct large number of numerical simulations
and screen out ¢(100) rogue waves for a given sea state by de-
tecting waves with H, > 2H;, where H, is the maximum peak
to adjacent trough height of the rogue wave and Hj is the sig-
nificant wave height. The rogue waves are searched in different
background sea states.

In reality, the initial surface elevation 7); is obtained from
the reconstructed wave field from the SAR images. However, to
obtain a database with large number of rogue waves, we adopt
the initial wave field characterized by the JONSWAP spectrum,
which is defined by several sea state parameters. Sea state pro-
vides a general description of the sea roughness. In this paper,
three sea states 4, 5 and 6 are considered, which represents the
mild, rough and very rough sea state respectively. They have
corresponding Hy; = 1.875, 3.25 and 5 meter, and the peak pe-
riod T, = 8.8, 9.7 and 12.4 second. For a given sea state, the
JONSWAP spectum can be calculated as in Equation (2) [61]:

2

S(©) = L exp(p)y’ @

Here, the constant ¢, is related to the amplitude and energy con-
tent of the spectrum which is defined as o, = H? w;‘ /(161o(7)g%),
where I, (r) is the n-th order moment of this spectrum, which can
be computed numerically. The significant wave height H; is de-
fined as the mean wave height (trough to crest) of the highest one
third of the waves (i.e. Hy = 4,/mg, where my is the zero-th or-
der moment). The variable = —1.25(w,/®)*, where @, being
the peak radial frequency and @ being the wave radial frequency.
The peak enhancement factor 7y varies from 1 to 9. The typical
value of yis 3.3 and hence Ip(3.3) = 0.3. And o equals 0.07 and
0.09 respectively for @ < w, and ® > @,. The power spectrum
can be expressed in terms of wavenumber by using the relation
S(k) = S(w)C,, where C, is the group velocity. The wave ampli-
tude can be calculated as a(k) = \/2S(k)dk. The initial random
sea states characterized by the spectral density S(®) can thus be
generated by assigning a random phase 6 € (0,27) to each wave
in the domain.

For a given sea state, the initial surface elevation 7}; can be
obtained from the spectral density function. Then the initial ve-
locity potential ¢; can be calculated using the linear theory. Spu-
rious modes develop when we use the linear solutions (7;, ;)
to solve the nonlinear wave evolution equations. To avoid this,
we introduce the nonliearity gradually by multiplying a factor W
with the nonlinear terms in Eq. (1) [62], where W increases from
0to I in Ty = 5T),.

The waves we measured from satellite can travel in either di-
rection. To take into account this factor, we consider waves trav-
elling in the uniform positive x direction or random directions
(i.e. positive and negative x directions), which is unidirectional
and crossing sea state respectively. In practice, to generate cross-
ing sea state, we assign a random number varying from (0,1) to
a wave with wave number k, if this number is less than 0.5 this
wave is travelling in positive x direction, otherwise the wave is
travelling in negative x direction.

For a given sea state with the initial conditions (1;, ¢;), we
solve the wave evolution equations using phase resolve HOS up
to T = 30T, and search for the rogue waves in the time window
5T, <t < 30T,. 0(100) rogue waves are screened out in each
sea state so that we get the converged statistical properties (i.e.
standard deviation with respect to the mean profile) of the rogue
wave profile. The numerical parameters used in the simulations
are 6x/2,=0.018, 0.015 and 0.009 for sea state 4, 5 and 6, where
A, is the peak wavelength, time step 8/7), = 1/128, nonlinearity
M=4. The water depth is 300 m, which is in deep water region
since the nondimensional parameter k,h > 10 for sea state 4, 5
and 6.

SPATIAL PROFILE

The database containing a large number of rogue waves is
obtained for the initial wave field characterized by different sea
states.

To show what an actual rogue wave look like we can shift
the individual rogue wave to be peak centered and then take the
average of the normalized profiles for large number rogue waves
in the database (c.f. [33]). Fig.1(a) shows the averaged profile
as well as the standard deviation for 48 distinct rogue waves in
sea state 5 in the database. The averaged rogue wave profile is
relatively symmetric with respect to the peak. Inspired by the
fact that many field measured rogue waves are asymmetric in
space, to preserve the rogue wave shape, we sort the rogue waves
by the relative location of the peak and the trough. Along the
wave propagation direction, we flip j = 1)/Hj in x if the trough
comes first than the peak and hence 1)(£) = f)(—%). Then the
new collection of 48 rogue waves 1] is averaged and the stan-
dard deviation of the rogue waves respective to the mean profile
is calculated, as shown in Fig. 1(b). We found that the rogue
waves are actually not symmetric with respect to the peak, usu-
ally the rogue wave is followed or proceeded by a deeper trough.
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FIGURE 1. Are rogue waves spatially symmetric? We plot in figure
(a) the average of 48 rogue waves obtained from the JONSWAP spec-
trum in the sea state 5. The averaged profile looks relatively symmet-
ric (in agreement with [33]). In figure (b) we plot the average profile,
but here we flip horizontally the profile of the rogue waves whose deep
trough is on the left-hand side of their high crest. It turns out that this is
the case in 20 out of 48 rogue waves obtained from our statistical anal-
ysis. In figures (a),(b) we also plot the standard deviation (note the con-
trast with standard error) plus/minus the average values (dashed lines).
Figure (c) compares the standard deviation of the two cases in fig. a,b.
Clearly the symmetric profile has a much higher standard deviation near
the toughs on both sides of the high crest, suggesting that the actual spa-
tial profile of the rogue wave is asymmetric and closer to that of figure
(b) than figure (a).

The comparison of the standard deviation of the rogue wave pro-
files using these two approaches are plotted in Fig. 1(c). The
symmetric profiles has a notably high standard deviation at the
toughs both before and after the peak. Thus the actual rogue
wave is indeed asymmetric and our approach is more appropriate
in evaluating the properties of rogue wave profiles. In addition,
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FIGURE 2. Comparison of statistically averaged profile of rogue
waves in two-dimensional non-breaking unidirectional (fig a) and cross-
ing (fig b) seas. Plotted are the average of rogue wave profile in sea
states 4 (blue solid line), sea state 5 (green dashed line) and sea state 6
(red dash-dotted line). The y-axis is normalized by the significant wave
height and the x-axis is normalized by the peak wavelength. The signifi-
cant wave height is Hy; =1.875, 3.25 and 5 m in sea state 4, 5 and 6. The
peak wave length A, =120.79, 146.75 and 249.85 m. Clearly profiles
match very well, and are similar in unidirectional and crossing seas.

as the sea becomes rougher (i.e. as the significant wave height in-
creases), the rogue waves generally have larger height. However,
surprisingly, the averaged profiles of the normalized rogue wave
in sea state 4, 5 and 6 show identical shape. Besides the unidi-
rectional sea states, we also consider the crossing sea states. The
averaged profiles in crossing sea states in Fig. 2(b) and unidirec-
tional seas in Fig. 2(a) match very well for the three sea states
considered. This suggests that the normalized rogue wave pro-
file in two-dimensional non-breaking sea states shows identical
shape. The possible application of this observation could be in
the design of ships and offshore structures (i.e. In the situation
where the load from possible rogue waves need to be take into ac-
count, the identical rogue wave height H, and rogue wave trough
to trough length A, can be calculated based on the background
sea state data).

TEMPORAL PROFILE

Similarly, we obtain the statistical properties of the tempo-
ral rogue wave profiles. The time series is measured from a buoy
which is fixed at the midpoint between the peak and trough for
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each rogue wave. This location is chosen because it is most likely
to capture the features for both the peak and trough as the rogue
wave propagates. We get 48 temporal rogue wave profiles in the
sea state 5 and calculate the averaged profile using the direct av-
eraging approach, as shown in Fig. 3(a), and the flipping and
averaging approach, as shown in Fig. 3(b). Unlike the spatial
rogue wave profiles, the difference in the temporal profile using
these two approach is not significant. The standard deviations in
Fig. 3(c) also show better agreement. Hence we can conclude
that the rogue waves in time domain shows more symmetric fea-
ture than the rogue waves in spatial domain. This is in agreement
with the field measured rogue waves, such as the New Year Wave.
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CONCLUSIONS

To summarize, we obtain the identical profile of rogue waves
in 2-dimensional non-breaking seas based on the statistical study
on large number of rogue waves obtained from the direct sim-
ulation of the weakly nonlinear wave equations. Unlike the di-
rect averaging approach adopted by Xiao [33], we propose to
always keep the trough on the right side of the peak to preserve
the shape of individual rogue wave and then take the average of
them. We find that the averaged rogue wave profile has identi-
cal shape, height and wave length in both 2-D unidirectional and
crossing seas. Moreover, the spatial profile is shown to be asym-
metric respective to its peak, while the temporal profile is much
more symmetric. This observation is in agreement with the field
measured rogue waves, such as the New Year Wave [12] and the
rogue waves measured in the Gulf of Tehuantepec [34].

In future, we also would like to consider the effect of the
initial spectral density functions on the rogue wave profile. It
is demonstrated that spectrum band width affects the rogue wave
dynamics [63] and the wave statistics are deviated from the Gaus-
sian statistics and hence yield higher probability in the formation
of extreme waves when the band width is narrower [64]. The
effect of the seabed topography, whether irregular (e.g. [65, 66]
or with a prominent wavenumber (e.g. [67-70]), is known to po-
tentially strongly influence the propagation of surface waves par-
ticularly in shallower waters. This is another important factor
influencing the morphology of oceanic rogue waves that will be
addressed elsewhere.
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FIGURE 3. Statistically averaged temporal profile of rogue wave (as
is measured from a fix buoy) from a JONSWAP spectrum in sea state
5. Figure (a) shows statistically averaged profile of 48 rogue waves.
Figure (b) shows the average but by flipping the profile of the cases in
which the deep trough comes ahead of the high crest (in time). We also
plot in both figures the average values plus/minus the standard deviation
(dashed lines), and standard deviation are plotted in figure c for a better
cross comparison. Clearly the difference is much less than the spatial
profile case. We can conclude that measurement of a rogue wave in
time on average look more symmetric than its profile in space.
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